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Abstract

A higher—order process calculus is defined in which one can describe processes
which transmit as messages other processes; it may be viewed as a generalisation of
the lazy A-calculus. We present a denotational model for the language, obtained by
generalising the domain equation for Abramskys model of the lazy A-calculus. Tt
is shown to be fully abstract with respect to three different behavioural preorders.
The first is based on observing the ability of processes to perform an action in
all contexts, the second on testing and the final one on satisfying certain kinds of
modal formulae.

*This work has been supported by the SERC grant GR/H16537



1 Introduction

Process algebras are simple specification languages for concurrent communicating pro-
cesses. Typically they consist of a small number of combinators for constructing new

processes from existing processes



F = D—D

Each A-term is interpreted either as 1, in the case when it gives rise to a divergent
computation, or as an element of F. i.e. a function over A-terms. A higher-order process
can be viewed as having similar behaviour but now parametrised on channels; A-terms
being simple processes which can only receive input on one channel. Thus the input
behaviour of a higher—order process, in analogy with A-terms, can be captured by a
function from N, the set of channel names, to F,; with respect to each channel the
process may offer no behaviour, modelled by L, or may act like a function over processes.
Similarly its output behaviour, which has no real counterpart in the A-calculus, can be
modelled as a function from N to C,, where C is some space suitable for modelling
output. One simple suggestion for C is the Cartesian product D x D, with the elements
of the pair representing, respectively, the process sent along the channel and the residual
of the output action. We shall see that a slightly more complicated form of product is
actually necessary, which we denote by C @" C.
The analogy



In [Abr90] it is shown that, subject to certain expressivity requirements, the domain D
only if the interpretation of p in the domain D is dominated by the interpretation of ¢;
the domain properly reflects the ability of A-terms to act like functions. A similar result
holds for the the nondeterministic or parallel version of the A-calculus of [Bou90a, Bou91]
but p |} is interpreted as it is possible for p to converge to a functional term, although

is fully abstract with respect to the observational preorder EO . That is, p ,go q if and

in these papers a different phraseology is used.

Viewing the A-calculus as a primitive higher—order process calculus p |} can be inter-
preted as: p is willing to offer a communication on the communication channel A. So
let us generalise this predicate || to arbitrary processes from our higher—order process
calculus by defining

p |} if there exists some channel on which p is willing to offer a communication

The main result of this paper is that, subject once more to expressivity requirements,
the model P is fully-abstract with respect to the observational preorder ,go , with this
new interpretation of {J. That is, the interpretation of the process p in the domain P is
dominated by that of ¢ if and only if for every context C[ ] if C[p] is willing to offer a
communication on some channel then so is C[q].

We also prove full abstraction for two other observational preorders between processes
and both can also be motivated by reference to similar results for the lazy A-calculus.
The ability to examine a A-term in an arbitrary context gives one complete control over
that term; the context can for example send the term to a collection of subterms each
of which can examine an aspect of its behaviour and then pass it on to other subterms
for further examination. However each of these subterms can only use the term under
examination in a limited manner: they can only supply an argument for the term to be
applied to. So a simpler behavioural preorder may be defined on A- terms based on their
reaction to a sequence of arguments:

I ET qif (...(pr1)...rn) | implies (...(gr1)...7,) | for every sequence of
A-terms r1,...,7,.

The model D is also fully abstract with respect to this preorder, i.e. EO and ET
coincide over A-terms. This view of A-terms treats them as “black boxes”. One has no
control over them; the only way of finding out about their behaviour is to send them a
parameter, i.e. communicate with them. This is very similar in spirit to the theory of
testing for processes, originally presented in [DH84] and expounded at length in [Hen88].
There a test e (represented as another process) is applied to a process p by running e and
p in parallel, thereby allowing them to communicate, and the application is successful if
e reaches some “successful” state. The test e may be viewed as a generalisation of the

sequence of parameters rq,...7, supplied to the A-term and the successful state plays
the role of {}. So let us generalise ET to higher-order processes by saying p may satisfy

the test e if there is a successful application of ¢ to p and
P ET q if p may satisfy e implies ¢ may satisfy e for every test e.

We show that P is also fully abstract with respect to L

The full abstraction results in [Abr90, Bou91] rely heavily on a logical characterisation
of the domain D, [CC90, Abr91]. Essentially the compact elements of D can be described

4



by formulae from a logic in such a way that D is isomorphic to the filters generated by
the logic. Further the interpretation of the A-calculus in D can be completely captured
by a program logic whose judgements are of the form  p



e P = (): This means



be prime algebraic it for every d € D
d=\/{c e KP(D)|c<d}.

In this paper we use domain to mean a prime algebraic lattice. Note that every
domain D has a least element L. = V) and a greatest element T = \/ D. Also every
compact element ¢ is the join of a finite number of primes, ¢ =p; V...V p,.

A function f:D —— FE between two domains is strict if f(L) = L, monotonic if

d<d



Thus for continuous functions f = ¢ if and only if f. = ¢g. and similarly for multilinear
functions. It follows that in order to define a continuous (multilinear) function it is
sufficient to define it on the compact (prime) elements.

We now review briefly the constructions of domains which are required in the paper:;

most are standard. For any set N let (N — F) be the set of all functions from N
to the domain E. These functions are ordered in the standard way, namely f < ¢ if
f(n) < g(n) for every n in N. With this ordering (N — FE) is a domain where the
primes are all those functions f whose range is KP(FE) and which return L for all but
at most one element of V.
Let [D — E] be the set of continuous functions from the domain D to the domain F.
This, ordered in the standard way, can also be seen to be a domain where the primes
are step functions of the form ¢ = p for ¢ € K(D) and p € KP(F). Recall that the step
function d = e is defined by

e d<ux
d= e(v) = { 1 otherwise.
The Cartesian product D x E also yields a domain as does the “lifting operation” D .
We use d; to denote the element iny(d) of D, where in;: D —— Dy is the natural
injection.

The most complicated construction we require is a form of tensor product. In the
Cartesian product Dy x Dy the join is defined pointwise: (dyi,ds) V (dy,dy) = (dy V
dll, d2 vV dé) This 1mphes (d, dl vV dg) == (d, dl) vV (d, dg) and (dl vV dg, d) == (dl, d) vV (dg, d)
To model concretions, as outlined in the introduction, we require a product where the
former identity remains true but in general (d; V dy, d) is different from (dy, d) V (dz, d).
This is defined in the following way. A continuous function f: Dy x Dy —— FE is called
right-linear if f(dy,dy V dy) = f(di,dy) V f(dy,dy). For any two domains Dy, Dy let
D1 @" Dy be the domain characterised by the requirements

1. there exists a right-linear injection :%": Dy x Dy —— Dy @" Dy

2. for any right-linear f: D; x D, —— E there exists a unique linear f® : Dy @ Dy —
FE which makes the following diagram commute:

D1><D2

®T
Dy & D, L - L

Of course we have to show that such a Dy @" D, exists. A standard “arrow-chasing”
argument will establish that if it exists it is unique (up to isomorphism) and we con-
tent ourselves with outlining the construction of one domain with both of the required
properties.

In fact to construct Dy @” D, it is sufficient to define its prime elements. Let

P={(e,p) | ce K(Dv), pe KP(D2)



and let (¢,p) < (¢, p') if ¢ <p, ¢ and p <p, p’. This is a ppo with a least element and
we let Dy @" Dy be Py(P). Let e: K(Dy x Dy) — D1y @" D3 be defined by

i(er,c2) = {(ci,pi) |ea=p1 V... Vp,}

where we identify Fin(P) with its injection into D; @" Ds. Note that this is well defined
for if p;, ¢



where Auax is a set of auxiliary operators. In this paper we use a particular set of such
operators which are defined as follows:

1. parallelism
for each pair of subsets, A, B of NV, a binary infix parallel operator 4|z

2. renaming
for each function r from N to N which is almost everywhere the identity a unary
postfix renaming operator {r}

In (X)T the prefix (X) acts as a binder for occurrences of X in T and this leads to
the standard notion of free and bound occurrences of variables, a-conversion and of
substitution: T{U/X} stands for the term obtained by substituting all free occurrences
of X in T' by U where as usual the bound variables in T" are renamed via a-conversion if
necessary so that no free variables in U are captured. More generally if p is a substitution,
i.e. a mapping from X to terms of type process, T'p denotes the result of replacing all
free occurrences of each X in T by p(X). We use process to mean a closed process—term
from this language and P, (), ... are used to denote typical processes.

The language may be considered as an extension of CHOCS, [Tho90]. The CHOCS
processes a? X.P, a!P.Q) are represented here by a?(X )P, a![P]Q) respectively, the parallel
CHOCS term P | Q by Py|x@ and the restriction P\a by P 4|x NIL where A = N —{a}.
So informally we shall view CHOCS via this representation as a sublanguage.

The operational semantics of the language is given in Figure 1 where for convenience
we have omitted the symmetric counterparts to the Choice and Parallelism rules and
the function name used in the latter has the obvious definition. There are three types
of judgements, of the form

PR
P
P Qv

where P and () are processes, F' is a closed abstraction term and C' a closed concretion

. n? n! . . . gy -
term. The relations — and —— describe the communication capabilities of processes
. T . . .
while — describes the affect of an actual communication; P-






Here () is not governed by the restriction but the effect of the communication is to
transform the process into

(X)X [PNAQ | R

Because of the operational semantics of function application this has exactly the same
behaviour as

(@[ PNA | R

where now all occurrences of channels from A in () are considered local.
Based on this operational semantics we give three different behavioural equivalences
or preorders. The first is motivated from the view of the lazy A-calculus advocated in



distinguishes between them. Processes are considered to be independent entities or
“black boxes” and a test consists of a series of interactions between the process and
the tester which continue until such time as the the tester reaches what it considers

to be a



different areas of research. On the one



sequences are necessary in the constructions [¢]¢ and ¢ — . For consider P, ()5 defined
by m![ n! + k! INIL and m![ n! |NIL + m![ k! |NIL respectively. Then P, = ¢ if and
only if Q4 = ¢ for every ¢ not using sequences but P, %£ Q.

The modal language is in fact determined by a denotational model which provides a
crucial link in establishing the equality between the behavioural preorders. The model
and the denotational interpretation of the language in it is described in the next two
sections. We then show that this model is fully abstract with respect to the three be-
havioural preorders.

4 The Model

Consider the domain equation

P = (NWN—C.)x(N—F)) Processes
F = [P — P] Abstractions
C = PgP Concretions

Intuitively this models a process using two



Proof: By calculation. a

These domains are completely determined by their primes which we now proceed to
describe. For A = P, F, C respectively, let Axp be the least subsets of A satisfying

1. J_EA)CP

2. ¢
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defining a map [ ]: £* — KP(A). Then the statement £ F ¢ < ¢ may be interpreted
semantically as saying that [¢'] is dominated by the element [¢1] V ...V [¢x] and since
[«0] will be a prime this means that there is some ¢ such that [¢/] < [¢;]. For convenience

we use [¢] to denote [¢1] V...V [¢n].

Definition 4.3
Processes : [w] = 1

[(n')¢] nout([¢])

[{(n7)¢] nin([4])
Abstractions : [¢ — o] [¢] = [+]
Concretions :  [[[¢]¢] = [¢] @ [¢]

Using this interpretation
Theorem 4.4 For A =P, C, F respectively

1. The map [ ]: LA — KP(A) is surjective, i.c. for every p € KP(A) there exists a
formula ¢ € LA such that [o] = p

2. L ¢ < if and only if [¢] < [¢].

Proof: [t is straightforward to show by induction that for every p € Axp there exists
a formula ¢ € £ such that [¢] = p. For example if p has the form n;,(f) and is in Pxp
because f € Frp then by induction we may assume that the exists a ¢» € £ such that
[o] = f. It follows that [(n?)] = p.

The proof that £ F ¢ < ¢ implies [] < [¢] is equally straightforward. It proceeds
by induction on the proof of ¢ < i and this immediately implies the corresponding
result for vectors, namely if £ F ¢ < ¢ then [¢o] < [¢]. We prove the converse and it
is sufficient to prove [¢/] < [¢] implies £ F ¢ < 1. For suppose we have established
this and that [¢)] < [¢]. This means that [+;] < [¢] for each ¢ and since [+;] is prime
this implies [¢;] < [¢,] for some j. Applying the result we obtain £ F ¢; < ¢; and by
the rule weakening £ F ¢ < ;. Since this is true for each ¢ it follows by definition that
LEo¢<1.

The proof that [¢] < [¢] implies £ F ¢ < ¢ proceeds by induction on the structure
of .

1. vy =w
Use Rule £P;

2. ¢ =(nl)y
Note that since [¢/] < [¢] it follows that ¢ must be of the form (n?)¢{; otherwise
[¢](n?) = L and so [¢] would not dominate [¢/]. Moreover it is easy to check
that [n] < [€] and therefore by induction £ ¢ < 5. Then using the rule LP, we
obtain the required £ F ¢ < .
The case when ¢ = (nl)n is similar.

3. ¢ = [o']?

Let ¢ have the form [Ql]ﬁbz So [[ﬁl]] &[] < [[Ql]] &" [4%] and since :®" is
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injective it follows that [¢'] < [¢'] and [¢*] < [1/*]. We can apply induction to
obtain L Ql < ﬁl and £ F ¢* < ¢? and an application of the rule £C] yields
L[o')e* < [v'19%

LY==y

Let ¢ have the form ¢' — ¢%. So we have [¢'] = [¥?] < [¢'] = [¢?]. There are

two cases to consider

(a) [ = L.
Every formula other than w has a non-trivial interpretation and therefore
¥»? must be w. From the rule £F, we have él — ¢* < w — w while the

rules LF,, L



5 The Interpretation of the Language

Using the model of the previous section we may interpret the language in a standard
fashion. Let KNV be the set of environments, i.e. mappings from & to P, ranged over

by o. Then for each term T' of type A we define [T]4: ENV —— A as follows:

o [NiL]po = L

o [n?F]po = ni([F]ro)
o [0!C]po = nou([C]co)
o [X]po = o(X)

[[T—I— U]]pO' == [[T]]pO‘\/ [[U]]pO‘
[£T)po = [Flro([T]ro)
[(X)T]ro = Ad € P.[T]po[X — d]

[[TU]eo = [T]po & [Ulpo
[G(D)]po = 9(IL]r)

where for each auxiliary function symbol G we have a corresponding function ¢ of

the appropriate type.

To complete the interpretation we need to define the functions corresponding the function
symbols in  Aux. To do so it is convenient to introduce some notational conventions.
The first concerns the “lifting” operation. Suppose t(2) is a meta-expression involving
the variables z with the property that ¢(v) € E for all values v; from a set £'. Then if
w; € B, t(w) denotes the value in £, determined by

Huw) = { 1 if row; = L

t(v) otherwise where w; = (v;),

The second convention is a convenient way of describing functions over tensor products.
Let A(dq,dy) € Dy X Dsy.t represent a right-linear function in [Dy x Dy — FE]. Then
we use \%" (dv,dy) € Dy x Ds.t to represent its unique extension to a linear function in
(D &" Dy — E].

The most difficult function to define is that corresponding to the parallel operator
Alp. Informally the definition simply mimics the usual interleaving interpretation of
parallelism. Formally it takes the form Y Par 4z where Y is the least fixpoint operator
and Parsp is a function of type [P x P — P] — [P x P — P]. Intuitively
it I'is of type P x P — P then Parygl’, when applied to two processes z and
y calculates the resulting process by “unioning” together three different components.
The first considers possible moves from = and calculates their residuals by applying F
recursively, the second does the same for y while the third calculates the possible results
of communication between z and y using any channel in N'. Formally Par4gF(x,y) is
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defined by

Viea MipAd € P.F(z(m?)d,y)
V e )\®T(d,d



kS

yvy'

= kfr V k?r. Therefore

™m

out(x7 Y \ y/) = k;/@\/ry'x(m’)
= kfr:p(m!) V k?r:p(m!)
= Zit(l'ay) N oTZt(xvy/)‘

o com;" is multilinear.

Here let k. denote the function A(d,d') € P xP.F(z(m



w () (@) {w}
{{c)(P)e|Eep, ceB}
(nh)¢ — 1 (m7)¢' — " {w}
U{(ntg =&l alsp, ne A}
U{(nNw —¢{cwals B, nec A}
Uf{(m?)¢' = ¢lEcausy, meB}
U{(mNw = €| € aupw, meB}

U{ (Dol | € uls B, ne A}
U{{mD[¢¢ | £ € aulsy’, meB}
(n?)g — ¢ (mh{gly"  {w}
U{{nT)¢ = (| Eedulsf, ne A}
U{{nNw = ¢{[Ecwals B, ne A}
U{{mD[E | € €aulsy’, meB}
U{lllewulsy, m=n}
U{lEedulsy, LE¢ <é, m=n}

Figure 3: The Parallel Operator on Formulae

Proof: For each (G the proof proceeds by structural induction on ¢. As an example we
consider one case for the parallel operator: we show [ 4|z 8] = [ 4|z 8] when a, § are
(n?)¢ — 1, (m!)[¢'])’ respectively in the case when n is in A, m is in B and m = n.

As in the proof of Theorem 5.1 we may introduce some notation by writing = 4|z y
as

\/keA kinfi];(xv y) V Eout okut(xv y)
\/keB kmgzkn(xv y) V koutggut(x7 y)
Vien comf(:z;, y)V comf(:z;, y).

In this case for each k [a](k!) = [B](k7) = L. This means in turn that
Out([[oz]] 18]) = gk.([a], [8]) = com®([a],[B]) = L and that for every k different from
n comf([a],[B]) = L. Therefore [a] 4|5 [3] can be simplified to

in i (L], 18DV mouggu (Il [B1) V- commi™([a], [5])-

Let us also rewrite [a 4|5 /3] to a convenient form. Because of the linearity of the prefixing
functions n;,, My it may be written as

Nin[S11] V nin[S12] V miowe[S2] V [S3] V [S4]
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where

Sll
512

SQZ
53:

Sy

{o—Cllevulsf}
{w—Clfewasf}

{91 €aulsy’}
{E1Eedusd, LES <o}
{{lEewalsy’}

To prove the result it is therefore sufficient to establish

[



There are



e neupd and LI ¢ < ¢
As in the previous case we know P; 4|z P» == F'(); Als Q2 for some F, Q)7 and @),
such that I/ =9 ¢ — ¥, Q1 EC ¢/ and Q2 F° . We are assuming L F ¢’ < ¢
and therefore, again by Proposition 4.6, Q; =° ¢ which implies in turn that
FQ; =° . As in the previous case the result now follows by induction.

We end this section with a definability theorem: every prime, and therefore compact
element, in P is definable by a term on our language. For each formula ¢ we construct
a set of processes P™!, parameterised on pairs of distinct names n, ¢, and a set of closed
abstraction terms F™', parameterised in the same manner, such that if n,¢ does not
appear in ¢ then

o [P5] = [¢]
o for all d € P, [n!] = [F"]d if and only if [¢] < d.

Moreover the abstractions /™ have the form (X)(T(;” (o X) for some process Tg’i SO

that its application to a process is in fact the application of the test T(;” In order to
define these terms we need some notation. For any pair of process terms 7', U and name

n let T' >" U denote the term 7' g[pr_gny n?(Y)U where U does not occur free in U. If
Yi,..., Y}, is a sequence of distinct variables let con™'[Y],...,Y;] denote the term

Vin = d(5 Ya[n — d)(5 ... (50 i), )

where [n — ] is the renaming which sends n to ¢ and is the identity elsewhere. Note
that if £ =1 then C[Y] is simply Y;. We also use T\n to denote the term NIL g|p_ gy T
and finally let W, be the set consisting of two semantic elements, { L, [n!]}. We leave
the reader to check the following:

Lemma 5.4 1. If[P] € W, then [ con™[Py,..., P]] € W,
2. If n does not occur in ¢ then [o]\n = [¢]. O

The definition of the required terms is by induction on the structure of formulae:

o W

P;;ﬂ' — 1 and F;j’i = (X)(n! uyly X)
o (m?)¢



Theorem 5.5 (Definability) For any n,i not occurring in ¢
1. for all d € P, [n] = [F}"]d if and only if [¢] < d
2. [Py =[9]
3. for alld € P, [F}"]d € W,
4. [T N = T3

Proof: By structural induction on formulae. As an example we consider the case when

¢ is the formula (m!)[¢



particular j. By induction we have that [n!] = [[Fgll]]p] for each [ and therefore,
by calculation, [n!] = [[Fgl]]p] So

[Fold = [T 115 le ¢
= ([T5"IND tlo 45
= [[T;”]] (ntle ¢5, by induction, part 4
= [»!], by induction

. obvious by induction

. By induction we know that [[Fg]l]]d € W, for each j and it follows by the previous
Lemma that [[Fgl]]d e W,. So [[Fgl]]d has the form ¢ > [[T;”]] (o d where g € W

If ¢ is L then obviously this also reduces to L which is in W,. Otherwise g must
be [:!] in which case it reduces to ([7T\7) ¢






General :

I'FeArg, LEo<q

Lot > Ay
Processes :
NR IX = ¢l P X @ ¢
wR =T w
PreR T FE ZIFF :<jj?>¢ T Fl; ;!ccc: :<z!>¢
Joink = o
ApR FI—fF:FQ'_j}ZJJ,j:I;bI—pT:Q
wn LB trogs,
Abstractions :
Funk FTT =
Concretions :
Conlt TR
Figure 4: The program logic
1. FT

Suppose [¢] < [FT]or = [F]or([T]or) where F has the form (X)U. Then
[v] < (Ad e P.JU](or[X — d])([TTor)

[U]or[X — [T]or]

= V{[Ulor[X = o] [ e < [T]or }
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Since [¢/] is compact there exists some ¢ < [T]or such that [¢/] < [U]er[X — ¢].
Moreover there is a finite set ¢ such that ¢ = [¢] in which case or[X — ¢] =
orixeg)- S50 [¥] < [Ulorix.g and by induction I'[X — ¢] F U : . Applying the
rule FunR we obtain I' - (X)U : (¢ — v). Also [¢;] < [T]or for each ¢; and so
by induction I' = T : ¢;. An instance of the application rule now gives I' = F'T" : 1.

- G()
Suppose [¢] < [G(D)]or = G([L]or). Since [¢] is prime and G is multilinear
there exists a vector of primes p such that p; < [T;]or and [¢] < G(p). Let p;
be denoted by ¢;. Then [¢] < G([¢1],...,[ox]) = [G(¢)]. By the completeness
of £ we have £ F G(¢) < ¢ and since ) Also I and since



If p is a closed substitution we write p = T if for every X € X p(X






8 Conclusions

We have presented a semantic model of higher—order processes and shown it to be fully
abstract with respect to a number of observational preorders. But these results raise
many questions, some quite specific about our technical development and others more
general.

It has been shown in [San92] that higher—order process languages can be simulated
in the w-calculus but this is not to say that such languages are superfluous. They
may provide convenient specification formalisms at an appropriate level of abstraction
for describing the behaviour of sophisticated systems such as distributed operating or
control systems, [LB92]. If this is the case then what kind of combinators should such
a language have and can we model them using this semantic domain? Another question
concerns the channel scoping mechanism used in the language. As we have seen P is
adequate for



This leads to a behavioural theory which in general differentiates between processes
of the form a.P, a.P 4+ a.NIL and a.P + a.). It remains to be seen if fully abstract
denotational models can be constructed for these theories.

Higher—order process calculi have been studied in a number of papers. In [Tho89,
Tho90] the language CHOCS, on which our language is based, and a statically scoped
version called Plain CHOCS are studied in detail. The theory of strong bisimulation
equivalence is developed for these languages along the lines outlined in [AARS8] and
a denotational model for CHOCS is presented which is fully abstract with respect to
a modified version of strong bisimulation equivalence. Higher—order process calculi are
also studied in [San92] where the main concern is their relationship with the w-calculus.

In [Bou89] a generalisation of the A-calculus, called the y-calculus, is defined in which
a form of parallelism is allowed. A very restricted subset of this language is modelled
in [JP90] using a new form of powerdomain construction. This model is shown to be
adequate with respect to an operational semantics but it is not known if it is fully
abstract. The addition of parallelism to the A-calculus is studied extensively in [Bou90b,
Bou91]; in particular fully-abstract models, filter models of logics, are constructed for
the observational preorder over parallel-A-terms. More recently Boudol has developed a
language of communicating objects, [Bou92], for which he has obtained similar results.
This language bears some similarity with our higher—order process language and the
exact relationship warrants further investigation.

Other approaches to higher—order processes may be found in [AR87, GMP90, Nie89].
The overall aim of this work is the development of more realistic higher—order program-
ming languages which contains among other things a sophisticated type structures for
the values transmitted between processes.

Acknowledgements: Thanks to Gerard Boudol for his detailed comments on a first
draft of this paper.
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